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We present a review of recent advances in the statistical associating fluid theory (SAFT). In
contrast to the “chemical theory”, in which nonideality is explained in terms of chemical reactions
between the species, SAFT and similar approaches relate nonideality to the intermolecular forces
involved. Such physical theories can be tested against molecular simulations, and improvements
to the theory can be made where needed. We describe the original SAFT approach and more
recent modifications to it. Emphasis is placed on pointing out that SAFT is a general method
and not a unique equation of state. Applications to a wide variety of fluids and mixtures are
reviewed, including aqueous mixtures and electrolytes, liquid—liquid immiscible systems,
amphiphilic systems, liquid crystals, polymers, petroleum fluids, and high-pressure phase

equilibria.

1. Introduction

Ten years have passed since the publication of the
first papers'? describing statistical associating fluid
theory (SAFT). From the outset, SAFT was envisioned
as a method that combined Wertheim’s thermodynamic
perturbation theory (TPT) for associating fluids with
modern ideas for formulating physically based equations
of state. A review of the papers published in the past
10 years reveals more than 200 articles dealing directly
with the SAFT approach and its applications. Despite
this success, both hype and confusion surround SAFT,
in part because the seminal articles of Wertheim are
difficult to read and in part because SAFT is not a rigid
equation of state, but rather a method that allows for
the incorporation of the effects of association into a given
theory. The purpose of this paper is to review, in
hindsight, the original formulation, presenting a simpli-
fied heuristic argument for its derivation and reviewing
some of the most relevant engineering applications.

Over the past four decades or so, quite accurate
methods have been developed for describing the ther-
modynamic behavior of fluids composed of simple mol-
ecules. By simple, we mean molecules for which the
most important intermolecular forces are repulsion and
dispersion (van der Waals attractions), together with
weak electrostatic forces due to dipoles, quadrupoles,
etc. Many hydrocarbons, natural gas constituents, simple
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organic molecules (e.g., methyl chloride, toluene), and
simple inorganics (N2, CO, O, N0, etc.) fall within this
category. Depending on one’s taste and desired applica-
tion, one can use an engineering equation of state (e.g.,
a Peng—Robinson or Soave—Redlich—Kwong equation),
a local composition model, a corresponding states theory,
a group contribution method, or a more fundamental
approach such as perturbation theory. If one is prepared
to fit several adjustable parameters in an empirical
equation or an intermolecular potential, these methods
are likely to give good results for such fluids. Neverthe-
less, a great many fluids, and particularly mixtures, do
not fall within this simple class—electrolytes, polar
solvents, hydrogen-bonded fluids, polymers, liquid crys-
tals, plasmas, and so on. Although one might, in
practice, use one of these well-established methods for
these systems, the limitations of these equations rapidly
become evident. The correlation of data requires com-
plex and unphysical mixing rules and temperature-
dependent binary parameters, and the predictive capa-
bility of the approach is usually very poor. The reason
for this is that, for such fluids, important new intermo-
lecular forces come into play—Coulombic forces, strong
polar forces, complexing forces, forces associated with
chain flexibility, induction forces, etc.—that are not
taken into account in an explicit way.

An important class of these complex fluids consists
of those that associate to form relatively long-lived
dimers or higher n-mers. This class of fluids includes
those in which hydrogen bonding, charge transfer, and
other types of complexing can occur. The intermolecular
forces involved are stronger than those due to dispersion
or weak electrostatic interactions, often by an order of
magnitude or more, but still weaker than those char-
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Figure 1. Continuous distribution of bond strengths, showing the span from simple van der Waals attractions to the formation of chemical

bonds.

acteristic of true chemical bonds. In Figure 1, we show
how the “bond” strength varies continuously over sev-
eral orders of magnitude from the interactions between
simple molecules and those corresponding to chemical
bonds. Associating fluids fall between these two ex-
tremes, and so they require special treatment when
being modeled. This review focuses on methods for
describing fluid mixtures that contain these types of
associating compounds.

The existing engineering folklore for dealing with
associating mixtures is largely based on the “chemical
theory”, in which the associating complexes are treated
as distinct new chemical species, so that the apparently
anomalous physical behavior is ascribed to the change
in chemical composition (higher molecular mass, fewer
molecules, and so on). Chemical equilibria between the
initial components and these complexes are written, and
the corresponding chemical equilibrium constants then
appear in the equations for the thermodynamic proper-
ties. In principle, there is nothing incorrect with such
an approach; in fact, the chemical approach was origi-
nally® used for simple mixtures of weakly interacting
molecules, before more advanced techniques were avail-
able. However, the approach is of limited predictive
value as one must know in advance all of the “reactions”
involved and be able to measure or predict the equilib-
rium constants as a function of temperature. More
fundamental statistical mechanical approaches are
available, one of which results from a series of papers
by Wertheim.#> The Wertheim papers have inspired a
thermodynamic perturbation theory that is the basis of
SAFT. These new theoretical equations relate the
thermodynamic properties to physical intermolecular
forces, so that associating liquids are treated on the
same footing as simple liquids of more weakly interact-
ing molecules. However, such theories must take explicit
account of the presence of long-lived complexes. This
more fundamental approach has several advantages
over the older chemical approach: it is not necessary
to know or guess the chemical reactions in advance or
to incorporate in the equations temperature-dependent
equilibrium constants. Another important advantage is
that, because the theory is based on a well-defined
model for the molecules and their intermolecular forces
(the Hamiltonian), any approximations made in the
theory can be rigorously tested against computer simu-
lation results. Such tests can be used to choose the most

accurate theoretical route before embarking on com-
parisons of the theory with experiment. This procedure
is inapplicable to more empirical theories as they do not
rest on a well-defined Hamiltonian. The reader is
referred to the works cited in the next section for a
review of other theories for associating fluids and
mixtures.

In the first parts of this paper, we provide an overview
of the Wertheim theory and TPT, while in the second
part, we review some of the current implementations
of SAFT and comment on future applications.

2. Theories for Associating Fluids

Approaches to the modeling of associating fluid
mixtures have historically been categorized®” as being
chemical, quasi-chemical, or physical in nature.

The first historically published methods to describe
the nonidealities of associating systems are due to
Dolezalek® and are based on the premise that the
association can be treated as a chemical reaction. The
chemical theory represents the association phenomena
by such chemical reactions, which in the simple case of
a substance A that has the ability to self-associate to
form dimers is

A+ A= AA (1)

Examples of real substances with this behavior include
gas-phase carboxylic acids, NO, and NO.. If, as in the
original theory, we consider that the pseudo-species (the
monomer and the dimer) form an ideal solution, so that
the activity coefficients are unity, the thermodynamic
properties of the system are characterized by a single
equilibrium constant, Kijgea, Which is related to the
concentrations of both the monomers and the dimers

Paa
Kideal = T2 (2
Pa

where pa and paa are the number densities of the
monomer and dimer, respectively. In this case, because
of the simplicity of the model, the only associated species
possible are dimers. For any other situation, for this
approach to be followed, the type and quantity of
distinct probable species encountered must be deter-
mined a priori. For example, for alkanols, the experi-



mental evidence indicates the formation of chainlike
associates, so in principle, all n-mers, e.g., dimers,
trimers, tetramers, and so on, would have to be taken
into account. Usually, the equilibrium constants as-
signed to each reaction are treated as adjustable pa-
rameters, since they cannot be obtained directly from
experimental measurements. Even though the selection
of the number of multimers considered is arbitrary, to
keep the computational effort to a reasonable size, the
number of assumed species, and consequently the
number of chemical reaction constants K; to be fixed,
must be minimized. In any case, as the number of
association complexes in the system increases, an
increasingly large number of fitted parameters is needed
(at least one constant per reaction involved), making the
use of these methods cumbersome. Despite this limita-
tion, simple versions of this chemical theory have been
successful in describing the solution properties of many
real systems.12-15

Dolezalek’s original theory considers that the “non-
ideality” of any fluid or fluid mixture can be explained
solely by the formation of distinct chemical species, i.e.,
the n-mers are themselves treated as ideal gases or
solutions. An illuminating example of the extent to
which Dolezalek’s theory can be misused is a paper by
Dolezalek himself'é in which liquid solutions of nitrogen
and argon are described by assuming polymerization of
the argon. Nevertheless, when used judiciously, the
chemical theory of solutions provides a useful frame-
work for correlating thermodynamic properties.

The chemical theory can be extended naturally by
relaxing the restraint of considering only ideal gases and
ideal solutions. The problem translates into the simul-
taneous solution of the chemical equilibria coupled with
the solution of the thermodynamic equations using more
realistic models (e.g., an equation of state for nonasso-
ciating substances). A recent review has been completed
by Fischer and Zuckerman.”

Heidemann and Prausnitz!® (HP) presented one of the
first successful methods for combining an equation of
state for nonassociating substances with a chemical
approach. They assumed the occurrence of consecutive
“chainlike” association reactions

A+ A= AA
AA + A = AAA ©)

in which the equilibrium constants of all of the consecu-
tive reactions are assumed to be equal (K1 = K, = ... =
Kup). For illustration purposes, the corresponding equi-
librium expression for the first of these reactions is

Pap Z

Kl = KHP = ;';A i: = eXp(_ﬁAGassoc) (4)
APz,

where ¢; represents the fugacity coefficients; zj = ni/nt
is the mole fraction of the pseudospecies (referred to nr,
the total number of moles, including the pseudospecies
at equilibrium); AGassoc is the standard Gibbs free
energy per molecule associated with the reaction; and
B = 1/KT, where k is Boltzmann’s constant and T is the
absolute temperature. The appearance in eq 4 of the
term containing fugacity coefficients arises from the
consideration of nonidealities in the constituent spe-
cies.’® The use of an appropriate equation of state (EOS)
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to calculate the fugacity, along with a suitable assump-
tion?0 with regard to the number and type of reactions
involved, allows for the analytical solution of the coupled
equations. For example, in the HP approach, the
expression for the fraction of monomers in the case of a
dimerizing compound will be

2
X=——% (5)
1+ V1+ 4K

where fK' = 2e9Kyp and g, in this case, is equal to zero.
(Other EOS described below will require different values
of g.)

The original HP treatment utilized a van der Waals-
type EOS with some sui generis combining rules to
effectively separate the “physical” from the “chemical”
contributions to the compressibility factors. The HP
approach is not straightforwardly extended to mix-
tures,?122 and additionally, an arbitrary separation of
chemical and physical interactions can be thermody-
namically inconsistent.?32* There have been several
attempts to modify this approach using several types
of coupled EOSs. The perturbed anisotropic chain theory
(PACT) equation of state has been used as the physical
part to obtain the associating PACT2>-28 (APACT), and
its variants.?°3° Anderko3®'—3° employed the Yu—Lu#°
EOS as the physical EOS to develop the associating-
EOS (AEOS). Other recent examples are given by
Deiters*! and Kao et al.*? In all of these cases, the actual
form and performance of the resulting equations of state
are strongly dependent on (a) the equation of state used
to correlate the physical effects, (b) the particular form
of the combining rules for the associated species, and
(c) the number and type of the reactions considered.
Unfortunately, the last two factors are in principle
heuristic, and thus little improvement can be obtained
from theoretical considerations.

The original quasi-chemical theory proposed by
Guggenheim#344 postulated that nonidealities in fluids
could be assigned to the existence of nonrandom mixing
at the molecular level. In opposition to the chemical
approach, in the quasi-chemical approach, the formation
of distinct associating compounds is not considered.
Association is not explicitly distinguished from all other
van der Waals-type interactions. The strong interactions
found in associating systems bias the random mixing
expected in simple fluid mixtures; thus, the quasi-
chemical theories account for association forces by
assigning large energy parameters to actual associating
interactions. Quasi-chemical theory has served as the
basis for several widely used engineering correlations
for liquid mixtures, such as the nonrandom two-liquid
model*® (NRTL); the universal quasi-chemical approach
(UNIQUAC);%647 and most notably, group contribution
methods such as the universal functional activity coef-
ficient model (UNIFAC)*® and the analytical solution
of groups (ASOG).*® Although quite successful for cor-
relating and predicting the properties of liquid mixtures
of normal, polar, and even associating mixtures well
below their critical points, these methods are not of
practical use over the whole fluid range or for very large
molecules. Their application to associating mixtures is
not without difficulties; for example, parameters cor-
related from liquid—vapor equilibrium data are not
appropriate for liquid—Iliquid calculations within the
same class of molecules, indicating some degree of
inconsistency. Nevertheless, group contribution methods
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are the industrial standard for low-temperature non-
ideal solution (liquid) properties, because of the avail-
ability of a large database of parameters for mixtures
of interest.

Most quasi-chemical approaches are expressed as
correlations for activity coefficients. The very nature of
the activity-coefficient approach is not convenient for
the prediction of VLE over wide ranges of temperature,
since it must be coupled with an EOS for the coexisting
vapor phase, leading to inconsistencies in the vicinity
of, or above, the critical regions. It is generally accepted
that an EOS valid in the whole fluid region would be a
better choice, if available. Recently, nonassociating fluid
EOSs have been coupled to excess Gibbs energy models
to model highly nonideal solutions, including associating
fluids. This coupling extends the value of the group
contribution methods, allowing for the use of cubic (or
other simple) EOSs to represent complex mixtures that
include associating substances. For a review of this
approach, the reader is directed to ref 50 or 51.

Another related approach is the method of Panayiotou
and Sanchez,3252 which postulates the separation of the
partition function into physical and chemical parts. The
first part is treated with a lattice-fluid equation, and
the second with an approach similar in spirit to quasi-
chemical theory. Other lattice equations of state based
on a quasi-chemical approach have also been extended
to associating mixtures®*5% in a similar fashion.

Although the above-mentioned theories are not inher-
ently incorrect, the fact that the equilibrium constant
in chemical theories must be obtained empirically (and
varies with temperature) limits the use of these theories
as predictive tools. A more promising route for under-
standing the properties of associating fluids is provided
by recent theories that are firmly based in statistical
mechanics. In principle, statistical mechanics provides
formal recipes for calculating the structure and ther-
modynamics of a fluid given its intermolecular potential
function. However, for most systems of interest, this
solution requires the use of one or more approximations
that ultimately determine the accuracy of the theory.

From this modern point of view, two methods can be
envisioned for the modeling of complex homogeneous
fluids, namely, integral-equation theories and perturba-
tion theories. Both routes have been successful in
solving the thermodynamic properties of some moder-
ately complex fluids (nonspherical molecules, polar and
polarizable fluids). For reviews on the subject, the
reader is reffered to Hansen and McDonald%® or Gray
and Gubbins.5” The possibility of molecular association
can be introduced into integral-equation theories by
considering a strong, spherically symmetric attraction,
such as would be observed in the case of ionic systems.
Although initial attempts failed to reproduce the low-
density limit for associating fluids, this difficulty has
since been overcome.®®-%5 In perturbation approaches,
one considers a reference fluid with well-known proper-
ties (e.g., a homomorphic, nonassociating fluid) and
obtains the properties due to association through a
perturbation expansion. This task, however, is not
straightforward, as the association forces involved are
strong and highly directional and the typical expansions
used for weakly attractive fluids fail to converge.

Among the first statistical mechanical treatments of
associating fluids were those of Andersen,%-68 in which
the geometry of the interaction was introduced at an
early stage in the theoretical development by consider-

ing a short-ranged, highly directional attraction site
embedded in a repulsive core. A cluster expansion in
terms of the number density was performed, which was
simplified by the fact that only one bond per attraction
site could be formed. Andersen’s ideas inspired later
theories of associating fluids®®~77 that used similar
expansions but with respect to fugacity, which turns out
to lead to more rapid convergence. Hgye and Olaussen’®
recognized that renormalized perturbation expansions
could be expressed in terms of both the total density
and the monomer density, introducing the multidensity
formalism that would prove to be the key to the success
of subsequent theories. Wertheim extended these ideas
and presented a series of papers* in which a coherent
statistical mechanical theory of associating fluids was
proposed. In this treatment, molecules are treated as
different species according to the number of bonded
associating sites, and separate singlet densities are
defined for each possible bonding state of a molecule.
This multidensity formalism has the advantage that it
parallels classic fluid theory and standard methods such
as integral equations or thermodynamic perturbation
theory (TPT) can be used. The next section explains
some aspects of this latter case.

3. The SAFT Equations

Most conventional engineering equations of state are
variations on the van der Waals equation. They are
based on the idea of a hard-sphere reference term to
represent the repulsive interactions and a mean-field
term to account for the dispersion and any other long-
range forces. Commonly used EOSs (e.g., the Peng—
Robinson, Redlich—Kwong, and modified Benedict—
Webb—Rubin, equations) involve improvements to the
treatment of the hard-sphere contribution and/or the
mean-field terms. Such an approach is suitable for
simple, nearly spherical molecules such as low-molec-
ular-mass hydrocarbons and simple inorganics such as
nitrogen and carbon monoxide. However, a hard-sphere
reference is inappropriate for most fluids, which might
contain molecules that are highly nonspherical and
associating. In such cases, a more appropriate reference
is one that incorporates both the chain length (molecular
shape) and molecular association, since both effects have
a dramatic effect on the fluid structure. Other interac-
tions (e.g., dispersion, long-range dipolar forces) can
then be treated via a perturbation or approximate mean-
field term. Wertheim’s theory provides a method for
describing the thermodynamics of the reference fluid in
such a scheme. Such an approach was proposed by
Chapman et al.12 and is termed the statistical associat-
ing fluid theory (SAFT).

In this section, we present an overview of the SAFT
model. In the interest of clarity, we shall use the
notation of Chapman.”®7° The original derivation can
be traced to the Wertheim papers* but requires a
comprehensive knowledge of graph theory to be fully
understood. In the Appendix, we present a heuristic
derivation that can serve as a plausibility argument.

Within the framework of SAFT, the EOS of a fluid is
a perturbation expansion given in terms of the residual
molar Helmholtz energy a", defined as the difference
between the total molar Helmholtz energy and that of
an ideal gas at the same temperature T and molar
density p

a'(T,p) = a(T,p) — "' 9T, p) (6)
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Figure 2. Cartoon of the perturbation scheme for the formation
of a molecule within the SAFT formalism. (a) An initial system of
reference particles is combined to form (b) linear chains. (c) To
these chain molecules, association sites are added, which allow
them to bond among themselves. The reference system can itself
be modeled as a perturbation, e.g., a hard sphere fluid with an
added dispersion term.

Figure 3. Cartoon of an alkane molecule within the SAFT
formalism. The molecule is made up of m segments describing the
alkane chain and two associating sites, i and j, accounting for the
proton and lone electron pair, respectively, of the oxygen in the
—OH radical.

SAFT implicitly assumes that there are three major
contributions to the total intermolecular potential of a
given molecule: the repulsion—dispersion contribution
typical of individual segments, the contribution due to
the fact that these segments can form a chain, and the
contribution due to the possibility that some segment-
(s) form association complexes with other molecules. The
residual Helmholtz energy is given within the SAFT
formalism as a sum of the contributions from these
different intermolecular effects

a_r — aseg + a_chain + a_assoc (7)

where the superscripts seg, chain, and assoc refer to the
contributions from the “monomeric” segments, from the
formation of chains, and from the existence of associa-
tion sites, respectively. Figure 2 illustrates the thought
process involved in the perturbation scheme to form a
molecule from these individual contributions. As an
example, in Figure 3, we show a cartoon of an alkanol
molecule. The molecule is made up of m spherical
segments, which would make up the aliphatic chain.
Each segment would correspond to a united atom group,
e.g., it could represent a CH, group, although it typically
corresponds to a larger molecular group. The rightmost
sphere would correspond to an oxygen-containing seg-
ment. The molecule has two associating sites, i (shaded
gray) and j (white). Many options are available to model
the individual segments, thus providing a wide variety
of specific EOSs. The SAFT model is general with
respect to the particular model employed, hence the
many versions available today. In the following subsec-
tions, we will discuss each contribution separately.
3.1. The Segment Contribution. The basic building
blocks of a molecule are spherical segments or mono-
mers that interact through isotropic repulsion and
dispersion (attraction) forces. The segment contribution
refers to this simple spherical nondirectional interac-
tion. These segments can correspond to atoms, func-
tional groups, e.g., repetition units in a polymer, or
complete molecules, such as argon or methane. A single
segment of this kind is insufficient to describe most
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molecules, because of their nonspherical shapes or the
presence of noncentral directional attractions. The
SAFT model accounts for these effects by allowing for
the connectivity of segments to form a longer chainlike
molecule, and/or by including a further perturbation due
to associating forces.

Because the molecules are formed by m segments, the
total a9 contribution will correspond to the individual
sum of all monomers composing a given molecule,
summed across all components A, B, ..., a, ..., 5, ..., R

seg monomer

a
= zaxama

a
TRT ®

where X, is the mole fraction of species o.. amonomer refers
to the molar Helmholtz energy of the fluid if no chain
connectivity occurred, evaluated at the monomer molar
density.

The description of the Helmholtz energy of the
monomers is not specified within SAFT, and it can itself
be given by a perturbation expression, the most common
being an EOS based on a hard-sphere reference fluid,
e.g., the Carnahan—Starling® EOS with temperature-
dependent diameters and an added dispersion term.81-83
Other simplified intermolecular potentials, such as the
square-well (SW) potential®*—91 and the Yukawa poten-
tial®2 have been used as the model for the segment
interactions. A generalized potential function with an
attractive part of variable range (VR-SAFT) has been
proposed and implemented by Jackson et al.%3192 |f one
assumes that the EOS of state of the reference fluid is
known, one can use it directly. Thus, closed-form EOSs
for LJ fluids193-195 have been used.1%6-115 Otherwise, an
EOS for a simple fluid such as argon16 can be used.

Although the original formulation considers spheri-
cally symmetrical potentials for the monomers, it has
been extended to energetically and sterically anisotropic
potentials. Electrostatic effects can be treated as per-
turbations at this stage.!”~124 Point-charge models can
also be used as segments.’?5> An accurate equation of
state for a nonspherical reference fluid'26:127 can also
be used. Notably, HS,128-131 S\W 132 gnd LJ133 dimers (or
higher n-mers) have been used.

3.2. The Chain Contribution. The original Wer-
theim papers*~’ derived in an analytical way the
energetic contribution (and thus the form of the corre-
sponding EOS) that came about from the association of
spherical particles. One of the successes of the theory
came from the fact that, in the limit of infinitely strong
bonding on an infinitely small association site placed
at the edge of a given molecule, one can, in fact, account
for polymerization of the monomers. The resulting
equations are both reasonably simple and accurate.

Depending on the nature of the original unassociated-
fluid mixture, different types of chains can be obtained.
For the case of a hard sphere with one associating site,
in the limit of infinite bond strength (glue points), the
theory gives an expression!3 for the thermodynamics
of a hard-dumbbell fluid, which is found to rival the
accuracy of exact simulation. If two diametrically op-
posed associating sites are placed on some molecules,
linear chains are formed.

The contribution to the Helmholtz energy is, to first
order (TPT1), equal to

hai
aC ain

RT

= 5%,(1 — m,) In y2*5(1) (©)

08
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where m is the number of segments per molecule and
y*d is the cavity correlation function evaluated at a bond
length I, given by

y**9(1) = exp[¢>*()/kT]g™(1) (10)

For some potentials, simplifications can be made.
Thus, for a LJ fluid of tangent spheres

=) L,

y- (o) = exp| = 77|90 = g7(0) (A1)

Similarly, for a fluid of hard tangent spheres

y(d) = g"%(d) (12)

For cases where the bonding sites are near the
borders of the molecules, the approximations within the
theory compare well with exact simulation results. For
fused-sphere chains in which the spheres overlap sig-
nificantly (as opposed to chains of tangent spheres),
direct application of the theory fails. Nevertheless, other
more successful approaches can be taken to account for
sphere overlap,t3>-139 namely, allowing noninteger val-
ues of the chain term, m, or invoking a conformality
between a chain fluid and an equivalent nonspherical
molecule.

The first-order theory gives a good approximation for
the configurational properties of linear chains,#° even
up to the infinite-length limit.24! One should note that
TPT1 does not make a distinction with regard to bond
angles within a molecule. This bonding restriction of
TPT1 can be eliminated by taking into account higher-
order terms in the perturbation expansion.140.142.143
However, higher-order expressions are considerably
more complicated than the corresponding ones for TPT1
and involve the three-body (or higher) correlation func-
tion of the reference fluid, a quantity that is difficult to
obtain.’** In general, it has been shown!#> that the
estimation of g must be of high quality in order for
accurate results to be obtained.

Gross and Sadowskil*6147 have used a hard-chain
reference and added a Barker—Henderson-type pertur-
bation!48149 to account for the attraction of these chains
(as opposed to adding the perturbation on the segment
level). The model, named perturbed-chain SAFT (PC-
SAFT), is fit to the pure-component properties of n-
alkanes.

For attractive flexible chains, the Wertheim formal-
ism does not take into account the intramolecular
attraction, and therefore, the predicted low-density limit
is unrealistic.1%° No coil-up of the chains is accounted
for at low temperatures, and phase diagrams of these
fluids are inaccurate; at higher densities, intramolecular
effects are effectively counterbalanced by intermolecular
interactions, and these considerations are of lesser
importance. Applications to ring structures also require
particular modifications to the theory.1%°

Typical misunderstandings surrounding SAFT derive
from the chain contribution, because the same theory
is used both for the description of chains and for the
description of association. SAFT considers the general
case of chain molecules that can form association
complexes. In some cases, the association contributions
are nonexistent, and the resulting equations are applied
to fluid mixtures involving nonassociating chain fluids
(e.g., polymer solutions, asymmetric hydrocarbon mix-

tures, etc.). The SAFT model can be applied either to a
nonassociating chain fluid or to a general associating
fluid.

3.3. The Association Contribution. Within SAFT,
a given molecule can have a number, 1, 2, ..., i, ..., j, ...,
M, of associating sites. The association sites are char-
acterized by a noncentral potential located near the
perimeter of the molecule. One can include one or more
different types of sites on each molecule. There is no
limit to the number of sites that characterize a molecule,
although in practice, it might be difficult to justify more
than four different association points in a single seg-
ment. The first-order theory does not distinguish the
actual positions of the sites (the angles among them).

Each of these sites has the restriction (within TPT1)
of being able to bond to only one other site. Depending
on the molecules of interest, different bonding scenarios
can be considered. Different molecules will have sites
of different types placed in different locations within
each molecule. However, TPT1 places some restric-
tions: (1) Two molecules can only establish a single bond
with each other. This can become an important limita-
tion for some systems of interest, such as carboxylic
acids, where double bonding between molecules can
occur. Although a crude approximation to circumvent
this limitation is the consideration of such double
bonding as a single bond, this approximation will not
account for the fact that, in the liquid phase, molecules
such as carboxylic acids can form chains, whereas in
the vapor phase, they appear only as cyclic dimers.
Expressions to relax this constraint have been ob-
tained.’®® (2) More than two molecules can not be
involved in a single bond, i.e., three molecules can not
be bonded together at a unique point. However, chains
and clusters can be formed, given appropriate placement
to the bonds, e.g., by placing two sites per molecule on
diametrically opposed positions. The bonding at a given
site is not directly influenced by bonding taking place
in another part of the molcule. Bond cooperativity can
be explicitly built into the theory at a later stage.'5? (3)
A site on a molecule can not bond to more than one site
on another molecule. (4) A molecule can not bond to
another site on the same molecule. This limitation can
be of importance for polymeric systems, where intramo-
lecular bonding might be relevant. Again, this restric-
tion can be relaxed with appropriate modifications of
the theory.153-156 (5) No ringlike structures are allowed
among the sites. Again, this restriction can be relaxed
through modifications of the original theory.157.158

The resulting working equation of the theory is very
compact

assoc
a

RT

_ [ ( Xai) M(x]
= ZuXa Zi In Xai - 7 + 7 (13)

where X is the mole fraction of molecules of component
o not bonded at site i. Component (macroscopic) com-
positions are denoted by lowercase xq, while the fraction
of nonbonded molecules is denoted by uppercase Xqi. The
internal sum is over all associating sites on a molecule.
The values of the X's are obtained from the solution of
the mass balances

Xoi = (1 + NgypZpxZX gAp) (14)

where the internal sum runs over all of the sites in a
molecule. When developing the working equations for



macroscopic systems, one must bear in mind that the
original theory is statistical in nature and that the usual
nomenclature involves quantities per molecule, whereas
engineering equations are usually expressed on a per
mole basis. One relates the two quantities through
Avogadro’s number, Ng. The quantity Aj; is related to
the strength of the i—j association bond and is given
formally by

Ay = [¢°(12) f;(12) d(12) (15)

where g% is the segment fluid pair correlation function,
fij = exp[—¢ij(12)/kT] — 1 is the Mayer f-function for the
association interaction, ¢;j is the potential function used
to define the association, k is Boltzmann’s constant, and
the integration fd(12) denotes an unweighted average
over all orientations of molecules 1 and 2 and integra-
tion over all separations of molecules 1 and 2. An
assumption is made that, for the purposes of the
integration, the segment pair correlation function is
equivalent to that of the segment as part of a chain.
This is a reasonable approximation if the bonding site
is thought to be diametrically opposed to the backbone
of the chain. Further refinement of this approximation
requires higher-order theories.'#%142 For many applica-
tions, a simple form of ¢;; such as a SW potential can
be used. Under these circumstances, the association
strength can be expressed as the simple term?%°

Ay = Kijfijgseg(d) (16)

where Kijj is the volume available for bonding!® and d
is the bonding distance.

In the case of a simple dimerizing fluid, i.e., a
substance with a single associating site that can bond
to form dimers according to eq 1, one obtains

a:jc: InX-2+32 (17)
with
X = (L4 NgpXAy) ™ (18)
which can be solved to obtain
Y = =1+ 1+ 4pN, Ay _ 2 (19)
2pN Ay 1+ 1+ 4pN, A

Although this result coincides with that from the
chemical approach (cf. eq 5), it does not imply that the
Wertheim theory is chemical in nature; it merely points
out that it obeys the correct limits. Similarities between
the physical and chemical approaches persist as long
as the number and type of chemical reactions are finite
and well-defined, which, in most cases, is not true.'6!

Figure 3 presents a cartoon of an alkanol molecule in
which one could envision the i site as being a proton
and the j site as being the lone electron pair of the
oxygen in the —OH radical. (In principle, an alkanol
molecule can form three hydrogen bonds, one on the
hydrogen site and one on each of the lone electrons of
the oxygen, for a total of two more bonds. In practice,
steric hindrance usually precludes all three bonds from
forming, and thus, a two-site model such as proposed
is more feasible.) Such a molecule can exist in one of
three bonding states: (a) unbonded, (b) with an i site
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bonded to a j site of another molecule, or (c) with both
i and j sites bonded to a j and an i site of two other
molecules. Note that i—i association and j—j association
are precluded. In this case, the contribution from
association is

assoc
a

RT

X, X,
=InXi—E+InXJ——E+1 (20)

where X; and X; are obtained by simultaneous solution
of eq 14 above, which, for this case, has an analytical
solution

X. = X. = 2
b 14 T AN, A

(21)

Not all cases have analytical solutions; therefore, the
final SAFT equations for derived properties, such as
fugacities or chemical potentials, might not always be
explicit.

In summary, SAFT requires a minimum of two
parameters, the characteristic energy and the charac-
teristic size of a monomeric segment, to describe simple
conformal fluids. A third parameter, m, is required to
describe the nonsphericity for nonassociating fluids. For
associating fluids, one must also assign two parameters
to characterize both the association energy, ¢j;, and the
volume available for bonding, Kj;. For each species, one
must additionally define the associating sites and their
bonding correspondence (which site bonds to which). All
of these parameters are usually regressed from experi-
mental properties. Nevertheless, because of the well-
defined physical meaning of each parameter, they can
be estimated from ab initio calculations®2-164 or from
direct measurements, such as Fourier transform infra-
red spectra.165-169

4. Applications of the SAFT Model

4.1. The Huang—Radosz Parametrization. By far
the most widely used version of SAFT is the implemen-
tation of Huang and Radosz,17°171 who fitted the poten-
tial parameters (m, o, and ¢ for nonassociating fluids,
plus two H-bonding parameters, ¢** and «*#, for as-
sociating fluids) to the experimental vapor pressure and
saturated liquid density data of over 100 real fluids. For
the segment term, they use the sum of a hard-sphere
part, given by the Carnahan—Starling equation, and a
dispersion part, given by the BACK equation of Chen
and Kreglewski.?3 The fluids considered include simple
inorganics, alkanes, polymers, cyclic molecules, aromat-
ics, ethers, ketones, esters, alkenes, chlorinated hydro-
carbons, water, ammonia, hydrogen sulfide, alkanols,
acids, and primary and secondary amines. The fitted
parameters were found to be well-behaved and physi-
cally reasonable, following simple relationships with
molar mass within a given homologous series, so that
extrapolations could be made to fluids not included in
the fit. The average deviations were on the order one
or a few percent for both vapor pressure and liquid
density. For mixtures,'”* only the dispersion part of the
segment Helmholtz energy requires the use of mixing
rules; the composition dependence is built into the chain
and association terms by the statistical thermodynam-
ics. Generally, good agreement with experiment was
found for binary VLE calculations with the use of a
single unlike-pair potential parameter to represent
dispersion. Figure 4 shows the phase diagram for the
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Csglethylene/1-butene mixture. Experimental results are
well modeled even up to the solid—fluid transition.

4.2. Water and Electrolytes. Primitive models of
water have been proposed that incorporate a hard-
spherel?2173 or LJ174 core with four square-well sites
mimicking the two hydrogen atoms and the lone-pair
electrons. These models can be solved within TPT1,
since the geometry of the sites is tetrahedral, i.e., the
sites are separated by angles of 109.5° and thus are
sufficiently far apart that higher-order corrections are
unnecessary.? These models are successful in predict-
ing some of the abnormal structural and thermodynamic
properties of water that are due to H bonding, such as
the relatively high vaporization energy and critical
temperatures. Many applications of SAFT deal with
aqueous mixtures, since it is here that the method
should have advantages over conventional engineering
EOSs. Figure 5 presents an example of the prediction
of ethane solubility in water. These models also predict

the high-pressure immiscibility found in water/alkane
mixtures.1’®

Using TPT1, one can account only for the short-range
directional properties of associating fluids. Association
is inevitably accompanied by long-range electrostatic
effects, which in the case of small molecules, such as
water, can be significant. Electrostatic effects can be
treated as an additional perturbation, and examples of
such treatments are presented by Walsh et al.1l” and
Mdaller and Gubbins.*?! The latter formulation has been
successfully applied to water/hydrocarbon systems.122.123

In a general context, ion pairing is just one example
of a strong association, and the theory can be extended
to take electrolytes into account. The principal difficulty
is that, for electrolytes, the long range of the Coulombic
interactions requires a clever separation between the
reference and the associating potential. Additionally, the
charge is now in a central (as opposed to an off-center)
location, so multiple bonding must be considered ex-
plicitly. The Wertheim formulation has allowed for the
development of multidensity theories for the case of
electrolytes!’6177 that can be incorporated in a SAFT
formalism. Aqueous ionic solutions have been studied
where SAFT is used to model water’® or the actual
ions.179

4.3. Closed-Loop Liquid—Liquid Immiscibility.
Many liquid mixtures present regions in which two
liqguid phases are in equilibrium. These are mainly
mixtures in which the unlike-pair interactions are much
weaker than the self-interactions, thus leading to phase
separation. In most cases, as the temperature is raised,
the region of the phase diagram that corresponds to
liquid—Iliquid equilibrium (LLE) decreases; the molec-
ular kinetic energy overcomes the unfavorable interac-
tions; and eventually, the LLE disappears at the mix-
ture’s upper critical solution temperature (UCST). In
most immiscible systems, a decrease in temperature has
the opposite effect, augmenting the regions of phase
separation. However, in some mixtures, labeled type VI
by Gubbins and Twu® (in extension of the classification
of Scott and van Konynenburg!®182) a closed-loop
solubility region is observed. In these mixtures, there
is an UCST, but when the temperature is lowered, the
region of LLE eventually disappears at a lower critical
solution temperature (LCST). It is interesting to note
that this abnormal behavior is not observed for fluids
with simple isotropic potentials, e.g., inert gases. It is
the unlike-pair association that drives the type VI
behavior. At low temperatures, the unlike pairs are
oriented so as to permit association and complete
mixing. As the temperature is increased, many of these
association bonds are broken, leading to immiscibility.
As the temperature is increased further, this unmixing
at first increases, but eventually the increased kinetic
motion leads to increased miscibility, and complete
mixing at an UCST. A clear presentation of these
phenomena is given by Walker and Vause,'®® and a
more complete review is given by Narayanan and
Kumar.184 Jackson et al. have applied SAFT to a
mixture of hard spheres!8® and chains!8¢ with a van der
Waals-type mean-field attraction plus unlike-pair as-
sociation through off-center bonding sites, showing that
it can predict a closed-loop solubility region. Square-
well molecules with single associating sites will also
produce this type of closed-loop diagram.'8” Polymer
systems can present this behavior and can be ad-
equately modeled by SAFT.188.189 Kraska et al.190.191 and
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Nezbeda et al.1927195 have produced global phase dia-
grams for binary mixtures with an associating compo-
nent with similar models. Comparisons of UCST/LCST
predictions of SAFT with other models have been made
by Tork et al.1%

The behavior of fluids close to the critical point can
be modeled using appropriate scaling laws. Such ap-
proaches can also be used within SAFT.197.198

4.4. Amphiphilic Systems. Amphiphilic systems are
characterized by the presence of a component (usually
called surfactant or amphiphile) that, on a macroscopic
level, appears to homogenize two otherwise immiscible
phases. In most cases, one of the fluid phases will be
characterized by strong self-association, and the am-
phiphile itself will have compatible association sites.
Sear and Jackson, for example, have considered ternary
water/oil/amphiphile mixtures.’®® A temperature—com-
position plot for this case is shown in Figure 6. Each of
the vertexes of the prism represents a pure compound,
and the opposing face of the prism represents the binary
mixture devoid of that component. The water/am-
phiphile mixture faces the reader; the water/oil is
behind and to the left. The water/amphiphile binary
mixture exhibits a closed-loop behavior, and it is clear
that the addition of the amphiphile to the oil/water
mixture reduces the immicibility. Garcia-Lisbona et
al.2% modeled aqueous solutions of alkyl polyoxyethyl-
ene surfactants, and Clements et al.2%2 modeled hexane/
hexamethyldisiloxane/perfluorohexane, systems that
exibit both UCSTs and LCSTs. Kuespert et al.202203 gnd
Talanquer and Oxtoby?%4 obtained both microscale and
macroscopic predictions from simple model amphiphilic
mixtures within the SAFT formalism. Surface and
interfacial tensions205206 and critical micellar concentra-
tions207208 of several surfactant systems have been
correlated using a SAFT-based model.

4.5, Associating Liquid Crystals. Prolate molecules
of sufficient length are known to form liquid crystalline
phases. Their description requires a theory that takes
into account the effects of their rigid elongated shapes.2°
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Such theories can be used to provide a reference for
considering associating liquid crystals. Sear and Jack-
son?10 considered the case of associating hard sphero-
cylinders that can dimerize through a bond placed at
the end of the molecules. The bonding enhances the
stability of the nematic phase.?021 An interesting
feature of the phase diagram is the nonmonotonic
variation of the density of the nematic phase at coexist-
ence. This produces a nematic—isotropic—nematic re-
entrant behavior, analogous to that found experimen-
tally.212

4.6. Inhomogeneous Fluids. TPT1 is but one of
several “closures” of the originally proposed formulation.
Integral-equation versions of the theory have also been
studied,134213-216 and are useful for obtaining structural
properties in addition to macroscopic properties. Wer-
theim’s theory is derived in terms of density functionals,
and in principle, its application to inhomogeneous fluids
(where density is a function of position) is pos-
sible.”82177225 The uncertainty encompassing the calcu-
lation of correlation functions for inhomogeneous fluids
is the principal reason that this aspect of the theory has
not been investigated as much as its homogeneous
counterparts. Some studies have appeared that apply
density functional theory to inhomogeneous polyatomic
systems.?267228 Suresh and Naik??® applied TPT1 to a
model for predicting interfacial properties (surface ten-
sions) and contact angles on associating solid surfaces
of aqueous liquid mixtures. Nucleation phenomena of
associated fluids were considered by Talanquer and
Oxtoby.230

4.7. Polymers. The chain term in SAFT is successful
in reproducing the equilibrium properties of even very
long chains. Thus, the representation of polymers is a
natural application of SAFT. In dealing with polymer
systems, special care must be taken. As the size of a
chain increases, so does the critical temperature of the
substance. In terms of the calculated phase equilibria,
as the segment parameter, m, is increased, the cal-
cualted critical temperature increases (all other param-
eters being the same), so that a fixed experimental
temperature effectively corresponds to a lower reduced
temperature. The attractive terms used in many ver-
sions of SAFT are obtained from correlations of simula-
tion data of small molecules, and their use should be
restricted to the range, in reduced temperature, in
which the correlations were carried out.199231 Phase
equilibria of polymer168232-239 and copolymer solu-
tions,249-245 cloud points of polymer solutions,246-260 and
even infinite-dilution activity coefficients of organics in
polycarbonate systems?61 have all been successfully
modeled using SAFT. Figure 7 shows an example of the
calculation of solubilities of gases in polyethylene using
SAFT.

4.8. Petroleum Fluids. SAFT is trivially applicable
to the VLE of n-alkane and simple hydrocarbon
mixtures,9499.106.262-265 |ts main advantage, however, is
that the SAFT parameters are well-behaved and suggest
predictable trends with macroscopic properties. Based
on this fact, Huang and Radosz!7° proposed correlations
of SAFT parameters in terms of the average molecular
weight for poorly characterized oil fractions. The cor-
relations are given in terms of the different families,
e.g., n-alkanes, polynuclear aromatics, etc. This model
has been successfully applied to correlate the extraction
of petroleum pitch with supercritical toluene,266-268
which, despite the limited characterization data, rea-
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Figure 7. Calculated results of solubilities of methane (upper
curve) and nitrogen (lower curve) in polyethylene at 461.4 K from
SAFT. w is the weight fraction of gas. From ref 236.
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sonably represents the liquid—Iliquid equilibria. Solubil-
ity in CO,/bitumen systems269270 (Figure 8) and as-
phaltene deposition?’1272 are other examples of the
application of SAFT in the oil industry.

4.9. High-Pressure Equilibria and Supercritical
Fluid Extraction. As is the case for most EOS models,
SAFT is well-suited to describe high-pressure phase
equilibria as long as no quantitative description of
critical points is involved. It is particularly well suited
for the description of systems involving strong size
asymmetries, such as those in which polymers and
solvents are present. A recent review by Kirby and
McHugh?73 describes some of the applications involving
supercritical fluid extraction in polymer systems. In
particular, it offers some guidelines in the application
of the Huang—Radosz parametrization to polymer sys-
tems.

Examples of some applications to supercritical fluid
extraction are the modeling of high-pressure gas extrac-
tion systems?’# including polymers and their precursor
monomers (polyethylene/ethylene and polybutane/l-
butene?’®), the solubilities of polymers in supercritical
carbon dioxide?’6277 and other solvents,?’” the fraction-
ation of polymers in supercritical gases,?87280 the
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Figure 9. Liquid—liquid equilibria of the decane/methanol/
benzene system from experiment (points), UNIFAC (dashed lines),
and SAFT (solid lines). From ref 293.

separation of monodisperse and polydisperse polymer
systems using compressed gases,?®! and supercritical
fluid extraction of polynuclear aromatics (PNAs)?282:283
and other organic substances.284

Care should be taken when modeling CO, mixtures
using SAFT (or any other model) to account for the
strong quadrupole interactions in the pure solvent.
Otherwise, large binary interaction parameters or un-
physical values of the pure-component parameters will
be needed to correlate the data.

4.10. Other Highly Nonideal Systems. SAFT has
been applied to model a wide variety of phase equilibria
of industrially important fluids. Vapor—liquid equilib-
rium results have been reported for systems containing
long n-alkane mixtures,®® hydrogen fluoride,?85286 hy-
drogen chloride,?8” alcohols,?88-2% aqueous ethanol-
amine solutions,?®! and acetonitrile and acrylic acid.2%2
Additionally, refrigerant mixtures®” and fluoroalkanes®
have also been modeled.

Liquid—liquid equilibria of organic substances?293.294
including the water/alkane/n-alkyl polyoxyethylene
ether2% system and solid—liquid equilibria of naphtha-
lene/alkane/polyethylene?®® mixtures have been suc-
cessfully described. Figure 9 shows an example of a
ternary LLE prediction in comparison with the UNIFAC
prediction.

4.11. Other Implementations of SAFT. SAFT-like
association terms have been incorporated into group-
contribution,?7~2% attice,3°° and cubic3°1—3%7 EOSs and
into the UNIQUAC?3% and UNIFAC3% models. Ad-
ditionally, attempts have been made to simplify the
mathematical form of the equations31°—312 and to provide
algorithms for calculating phase equilibria313314 using
SAFT and for more efficiently solving the root-finding
problem.231.315

Gross and Sadowskil#” presented a new parametriza-
tion of SAFT with constants for a wide range of
substances. This new parametrization does not suffer
from the numerical inconsistencies?3! of the original
Huang—Radosz model.

Some recent papers!47.234,236,316-323 compare the SAFT
EOS and extensions of it against other existing methods.
In general, SAFT, with its more rigorous foundation, is
found to be more reliable both for fitting data and for



prediction; this is particularly the case for associating
fluids and chain molecules.

5. Conclusions

There have been major advances in the theoretical
treatment of the thermodynamics of associating liquids
in the past 10 years, particularly as a result of Wer-
theim’s theory. The theory is now finding application
to a range of complex fluid problems, including polymers
and their mixtures, surfactants and micellar systems,
liquid crystals, liquid immiscible mixtures, water and
electrolytes, and fluids in which intramolecular bonding
is important. Much remains to be done for these more
complex fluids, and for the application of this kind of
theoretical approach to interfacial phenomena and
adsorption.

The SAFT methodology has proven to be a significant
improvement over more empirical equations of state and
to have a firmer basis in its inclusion of chain and
association effects in the reference term. As a result, it
gives better results for associating and chain-molecule
fluids. Such calculations are typically 8 or 9 orders of
magnitude cheaper, and about 6 orders of magnitude
faster, than an experimental phase-equilibrium mea-
surement for a binary mixture.324
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Appendix: Heuristic Derivation of the SAFT
Equations

Wertheim's theory* makes use of graphical expan-
sions for the logarithm of the grand partition function
and the number density of the given species. The full
graphical treatment is lengthy and relies on a detailed
knowledge of graph manipulation;> we provide only a
brief outline of the theory here. The reader is referred
to the original papers* for full details; the extension to
mixtures is given by Joslin et al.3?5 and by Chapman.’®
Here, we provide a simpler and more heuristic deriva-
tion due to Joslin et al.32°

We consider a fluid of associating molecules interact-
ing only through pair potentials. These potentials are
assumed to have a core potential that includes a
strongly repulsive component (nonspherical, in general)
and a sum of interactions between association sites. We
consider a mixture of components A, B, o vy By -
R. Association sites in each molecule are Iabeled 1, 2

o by by .., M. Thus, the pair potential can be written
as
$ap(12) = 935(12) + (12)

= ¢2ﬁ(12) + ZiZdgi 5()
(A-1

where ¢2ﬂ(12) is the reference (core) potential and
¢aipi(rij) is the short-range attractive potential between
site i in a molecule of species a and site j in a molecule
of species . It is the short-range attractive potentials
that give rise to the association. Here, (12) represents
(riz,w1,02). Wertheim takes the core potential to be
purely repulsive, but this restriction is not necessary,
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and some later authors take the core potential to include
dispersion and other isotropic attractive interactions.

To keep the notation simple, we treat the case where
the molecules have only one association site. The
extension to the multiple-site case is straightforward.
The total Helmholtz energy, A (the total Helmholtz
energy is equal to the molar Helmholtz energy, a,
multiplied by the number of moles, n. Similarly, A/INKT
= a/RT) is written as the sum of ideal-gas and a residual
contributions

A — Aideal gas + Ar (A'2)

where Aidealgas — kT In Qideal 9as gnd Qideal gas js the
partition function for the ideal gas at the temperature,
density, and composition of interest. Aidealgas js given

by

Aideal gas
W = Zu[pa In(paAu) - pa] (A'S)

where p, is the number density, A, = (A3 A, /qqu.e),
and Atq, Arg, and gqu,q are the translatlonal rotational,
and quantal parts, respectively, of the molecular parti-
tion function.5” The residual contribution to the Helm-
holtz energy, A", derives solely from the interactions
between molecules. In conventional perturbation theory,
the first-order term for the Helmholtz energy is given

by

12
A :% azﬂpapﬁfdrldrz Buﬂ(lz)( ¢aﬁ( )) D

A=0 w0,

(A-4)

where ¢ (12) is a pair potential defined so that it
becomes the full potential, ¢4, when 4 = 1 and the
reference f|UId potentlal qba[,(lZ) when 4 = 0. In the f
expan5|0n ¢> (12) = 4)& (12) — KT In[1 + Af (12)] o)
that [a¢aﬁ(12)/a/1]l - = —kauﬂ(lz) Here, faﬂ(lz)

exp[— ¢>aﬁ(12)/kT] — 1 is the Mayer f function for the
attractive (perturbatlon) part of the pair potential, ¢>aﬁ

= op — qbaﬁ Using the results in eq A-4 gives the first-
order contribution to the Helmholtz energy as

(A"—A 1 0 1
T - z ZQEﬁpaPﬁ f dr12 @aﬂ(lz)fuﬁ(lz)qlwz

(A-5)

In the usual treatment of the f expansion the reference
potential is taken to be exp[— ¢ (N/KT] = [exp[—os(r)/
kT]0,0,, SO that the first-order term of eq A-3 vanishes.
Here, we do not wish to make this specific choice of
reference system. Equation A-5 neglects higher terms
in the series, of relative order p f driz i (12)@,10,2 For
strongly associating fluids, the attractlve potential
¢a (22) will be large and negative for orientations
correspondmg to the molecular association, so that
fL «3(12) will be large and positive. Consequently, the
conventlonal perturbation theory approach fails for
strongly associated liquids.

As a way around this difficulty, Wertheim* proposed
treating monomers, dimers, etc., as distinct entities, so
that the total number density of species a can be written
as

Po. = Pma + Pda (A'G)
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where pmq is the density of o monomers and pq, is the
density of oo molecules that are present as dimers. For
weak association, p, = pme, but when the association is
strong, pa > pmq. FOr strong association, this suggests
a renormalization of the splitting of A, and of the series
for A", into two parts

A= (Aideal gas), + (Ar), (A-?)

where (Aideal gasy and (Ar)’ and are renormalized quanti-
ties given by

(Aideal gas),
W = za[pa In(pmaAa) - pma] (A'8)

(A) — (A _ 1 0 1
VKT 2 ZaZpPmaPmp f dry,[0,,(12) g

(12)),,, (A-9)

A comparison of egs A-5 and A-9 shows that, in A-9, we
are including only the configurational interactions
between monomers at density pmq. Thus, eq A-9 neglects
higher terms of relative order pmq S drlztﬂé (12)0,0,,
i.e., substantially smaller than the neglected terms in
eq A-5 since p, > pmq for strong association. We note,
however, that the contributions to the free energy from
the densities of bonded molecules are not neglected;
rather, they are implicitly summed in the expression
for (Aideal gasy’ jn eq A-8.

To determine pmq, the number density of monomers
of species o, we note that, at equilibrium in the
canonical ensemble, the Helmholtz energy must be a
minimum, i.e., (0A/dpmq)p; = 0. Applying this condition
to eqs A-7—A-9 gives

— 0 1
Po = Pma T PmopPmp f dry,[9,4(12) faﬁ(lz)@wz

(A-10)

Equations A-7—A-10 can be combined to give a simpler

form for the free energy. We first note that, for the

reference system in which bonding interactions are
absent, po = pma, and
(Aideal gas,O),

kT Zalea IN(eaAd) —pad - (A1D)

and from this and eq A-8 we have

(Aideal gas), _ (Aideal gas,O),
VKT

= deo.(ln X(l - X(X + l)
(A-12)

where X, = pmo/po is the fraction of a molecules that
are not bonded. From egs A-9 and A-12

(A— A 1
W zapa(ln Xa - X(x + 1) - EzazﬂpmupmﬂAaﬁ
(A-13)
with
Aoy = [Uoy(12) T2,12)1), dry,  (A-14)

From eq A-10, the last term on the right in eq A-13
equals —(¥2)Zepa(l — Xqo), SO that A-13 becomes

A—A° 1 1
VKT Z.0qlIn X, ZXQ + 5 (A-15)

which is eq 17. Moreover, by dividing eq A-10 by pg, we

obtain the fraction of o molecules not bonded as

X, = (1 + ZpopXA,0 " (A-16)

which is eq 18 for the case of a single dimerizing
component.

For an ideal gas in which association occurs, it is
possible to derive equations analogous to those derived
above without making any approximations.847.19 These
equations are the same as those given above, but with
the reference pair correlation function replaced by its
low-density limit

92,(12) = exp[—¢o4(12)]
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